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Abstract. We define spin frames, with the aim of extending spin structures from the
category of (pseudo-)Riemannian manifolds to the category of spin manifolds with a fixed
signature on them, though with no selected metric structure. Because of this softer re-
quirements, transformations allowed by spin frames are more general than usual spin
transformations and they usually do not preserve the induced metric structures.
We study how these new transformations affect connections both on the spin bundle and
on the frame bundle and how this reflects on the Dirac equations.
1. Introduction
Dirac equations provide an important tool to study the geometric structure of manifolds,
as well as to model the behaviour of a class of physical particles, namely fermions, which
includes electrons.
The aim of this paper is to generalise a key item needed to formulate Dirac equations, the
spin structures, in order to extend the range of allowed transformations. Let us start by
first reviewing the usual approach to Dirac equations.
Let (M, g) be an orientable pseudo-Riemannian manifold with signature η = (r, s), such
that r + s = m = dim(M).
Let us denote by L(M) the (general) frame bundle of M , which is a GL(m,R)-principal
fibre bundle. Points of L(M) are pairs (x, ǫa), where ǫa is a base of TxM . Furthermore, if
M is orientable or, more generally, if we are able to single out a class of positive frames,
one can define the subbundle SOe(M, g) ⊂ L(M) of orthonormal frames with respect to
g. It is a principal SOe(r, s)-bundle, where SOe(r, s) denotes the connected component to
the identity of the orthogonal group O(r, s) in the relevant signature which, depending on
the case, may have more than one connected component. One has a canonical embedding
ıˆ : SOe(M, g) → L(M), which is a reduction of the frame bundle structure group [1]
satisfying
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SOe(M, g) L(M)
M M
ıˆ
πˆ π
SOe(M, g) L(M)
SOe(M, g) L(M)
ıˆ
Rg Ri(g)
ıˆ
where i : SOe(r, s) →֒ GL(m,R) is the canonical group embedding.
Once a certain signature is fixed, one has a canonical matrix ηab = diag(−1, . . . ,−1, 1, . . . , 1)
with r pluses and s minuses, which in turn defines a bilinear form η = ηabE
a ⊗ Eb in any
vector space W of dimension m with a basis Ea, which is then η-orthonormal. One can
then define the relevant Clifford algebra Cl(r, s) and the corresponding Spin(r, s) group
in it. This allows to build the spin bundle, which we will denote with P , a principal fiber
bundle (P,M, p, Spine(r, s)) which is a main ingredient in the definition of spin structures.
Definition 1.1. A spin structure over (M, g) is a pair (P,Λ), where P is a spin bundle
and Λ : P → SOe(M, g) is a vertical principal morphism with respect to the covering map
l : Spine(r, s)→ SOe(r, s).
This is equivalent to require the commutativity of the following diagrams
P SOe(M, g)
M M
Λ
Spine(r,s)p SOe(r,s)πˆ
P SOe(M, g)
P SOe(M, g)
Λ
Rg Rl(g)
Λ
Remark 1.1. A pseudo-Riemannian manifold (M, g) admits a spin structure (P,Λ) if and
only if its second Stiefel-Whitney class is zero: this condition is independent of the metric
and of the signature. A manifold satisfying it is called spin manifold. In the literature,
spin structures are used to formulate Dirac equations on manifolds: in order to use these
structures, one has then to restrict the choice of base manifolds to those satisfying the
topological condition w2(M) = 0. Further details can be found in [2] and [3].
Let us then select a spin structure (P,Λ) and consider a representation λˆ : Cl(r, s)×V → V
of the Clifford algebra on a (usually complex) vector space of dimension k = dim(V ), which
restricts to a representation λ : Spine(r, s)× V → V of the (connected component to the
identity of the) spin group. One can then define an associated vector bundle, the spinor
bundle, whose sections will be accordingly called spinor fields.
Definition 1.2. Let P be a spin bundle and λ a representation of the spin group on a
vector space V. The spinor bundle is the vector bundle associated to the spin bundle P
S(P ) = P ×λ V.(1.1)
Notice that, once a representation λˆ is given, one can also associate matrices to the
Clifford generators ea, which will be denoted by γ
a := ηabλˆ(eb) and are (generally complex)
k × k matrices. At last, given a spin structure, a principal connection Hˆp ∈ TpP and a
representation λˆ one can define the Dirac equation as
ieµaγ
a∇ˆµψ + µψ = 0,(1.2)
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where (x, ∂µ)e
µ
a := Λ(
(α)
σ ),
(α)
σ being a local section of P and ∇ˆµψ denotes the covariant de-
rivative of the spinor field with respect to the induced connection on the associated bundle
S(P ).1
Equation (1.2) is clearly defined locally, i.e. with respect to a local trivialization of P ,
but one can easily prove that it is covariant with respect to automorphisms of P (active
viewpoint) or, equivalently, with respect to changes of local trivializations on P (passive
viewpoint). This is briefly proved in the Appendix.
In view of the fact that automorphisms of P are symmetries for the Dirac equation, we
call them spin transformations. Under these transformations, because of equivariance of
the spin structures, the frame ea, used to define Dirac equation, is changed to a different
g-orthonormal frame or, equivalently, one could say that the metric is left unchanged under
spin transformations.
Let us also remark that in this way, Dirac theory is cast as a gauge-natural field theory;
see for example [4], [5]. Roughly speaking, that means that one has a configuration bundle
which is a gauge-natural bundle associated to P and the dynamics is covariant with respect
to all automorphisms of P .
The usual approach to Dirac theory arises, as we have seen, through the use of spin struc-
tures, which, by definition, require a metric to be defined in the first place.
There is also a different, more general and somehow more geometric framework for Dirac
equations, based on the universal covering L˜(M) of the frame bundle L(M). It is interest-
ing to briefly review it and also to compare to it; see [6], [7] and [8].
The universal covering of the (positive) frame bundle, denoted by L˜(M), is a two-fold
covering and it is a principal bundle for the group G˜L(m), which is a double covering of
GL(m).
As we have said, fixing a metric g (of signature (r, s)) on a manifold M defines the
sub-bundle SO(M, g) of (positive) g-orthonormal frames. While SO(M, g) ⊂ L(M) is
a principal bundle for the group SO(r, s), its preimage Σ˜g ⊂ L˜(M) is a principal bun-
dle for the group Spin(r, s) so that (Σ˜g, π˜ ◦ ı˜|SO(M,g)) is a standard spin structure, where
π˜◦ı˜|SO(M,g) : Σ˜g → SO(M, g) is the covering map obtained by the immersion ı˜ : Σ˜g → L˜(M)
and the covering projection π˜ : L˜(M)→ L(M).
In this more general framework, one does not need to fix a metric a priori, but on the
contrary it aims to catch all spin structures at once. In particular, one can lift a diffeomor-
phism of M to L(M) by using its natural structure, and to L˜(M) by using the covering
properties.
1As noted from the previous formula, we are following Einstein’s summation convention for contracted
indices, which means, for example, that repeated indices are summed over
(x, ∂µ)
(α)
e µ
a
−→
m∑
µ=1
(x, ∂µ)
(α)
e µ
a
.
The range of both Latin and Greek indices will be α, a = 1, ...,m if not otherwise specified.
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As a result, in this framework one can systematically define isomorphisms of spin struc-
tures, possibly with different underlying metrics and define natural-like properties.
However, all spin structures end up in the same framework, even those with non-isomorphic
Spin(r, s)-bundles. Depending on the problem one needs to study, this can be a good fea-
ture or a drawback. For example, in a variational setting, it is often better to define
configurations with the same global properties, on one single structure bundle. In fact it
is for a similar reason that, when discussing electromagnetism, the formalism based on
principal U(1)-connections is better that a formulation in terms of forms, even though
Maxwell equations can be formulated in terms of forms and the latter framework often
contains solutions which, when defined as connections, are on different U(1)-bundles.
While the standard spin structure formulation is suitable for an a priori fixed metric struc-
ture, the double covering formulation is suitable to discuss spin structures on a general
geometry, where one can change the metric and the global properties of spinors.
In this paper we will define a more general formalism than the standard spin structures,
which allows different metrics at once, though it separates solutions which are defined on
different structure bundles P . As it happens in electromagnetism, by doing that one gives
up naturality (i.e. covariance with respect to diffeomorpfisms on the manifold M), though
replacing it with covariance with respect to automorphisms of the structure bundle P , as in
gauge theories. This kind of covariance is called gauge-naturality and let us trivially remark
that the group of general automorphims of P projects on the group of diffeomorphisms of
M , while an embedding of diffeomorphisms in automorphisms in not naturally defined.
Our formulation sits more or less halfway between the standard spin structures and double
coverings, maintaining some of the properties (e.g. allowing different metrics), but not all
(e.g. we work with a fixed structure bundle P ). It naturally takes into account that one can
change reference frames without changing the point on the manifold (which corresponds to
a vertical automorphisms) and Dirac equations are clearly covariant with respect to these
transformations as well. These act as gauge transformations in electromagnetism.
This formulation, the spin frame approach, will be therefore introduced in the next Sec-
tion, where we will see how one can define a metric on a bare manifold. We want to avoid
fixing a metric structure a priori on M because we have in mind possible applications to
physics and in particular to general relativistic theories for which a background indepen-
dent formulation is preferred. An approach for which a metric g is determined a posteriori
is indeed needed, when discussing Dirac equation in interaction with gravity: in that case,
spin frames (and thus the induced metric) are unknown until the system of field equations
(Einstein and Dirac, which are coupled PDE) is solved.
In Section 3 we will define spin frame transformations, which extend the group of allowed
transformations on spin frames. These contain transformations which, unlike spin trans-
formations, do change the metric.
In Section 4 we will investigate how spin frame transformations act on connections on P
and how they affect the correspondence between them and connections of L(M).
Such correspondence can be used to transform Dirac equations, which seems to have ap-
plications in describing graphene: quasiparticles can be described as fermions satisfying
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Dirac equations in non-flat geometries and non-trivial spin structures. We shall briefly
discuss these applications in the last Section.
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2. Spin frames
As argued in the previous Section, we aim here to rephrase spin structures so that the
construction starts from a spin manifold M and a signature (r, s), but with no fixed metric
on it.
Notice that we are not claiming that spin frames are essentially different from spin struc-
tures. On the contrary, they are essentially the same thing: in some contexts, the difference
is not essential. In many situations a Riemannian structure is simply there and spin struc-
tures are enough to define global Dirac equation to be studied.
In other situations [9], [10], [11] one needs Dirac equation to be coupled with Einstein
equations to form a coupled system of PDE and the metric structure is unknown a priori,
because it has to be obtained as a solution. In these cases, the difference between spin
structures and spin frames is relevant.
Definition 2.1. A spin frame over the spin manifold M is a pair (P, e), where P is a
spin bundle and e : P → L(M) is a vertical principal morphism with respect to the map
i ◦ l : Spine(r, s)→ GL(m,R).
In other words, we must require the commutativity of the following diagrams
P L(M)
M M
e
Spine(r,s)p GL(m,R)π
P L(M)
P L(M)
e
Rg Ri◦l(g)
e
As one can see from the definition, no metric structure is required on the base manifold
M . Let us now fix the notation and prove some properties of spin frames. Let Uα be an
open cover of M and let
(α)
σ : Uα ⊂ M → P be a family of local sections of P , defined on
each open of M . Being P principal, on the overlap of two patches Uα ∩ Uβ one must have
(β)
σ =
(α)
σ · ϕ(αβ),
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where ϕ(αβ) are the transition functions on P valued on Spine(r, s).
The image of a spin frame is completely determined once evaluated on such a family of
local sections, as it can be extended by equivariance. Furthermore, a spin frame always
induces local sections on the frame bundle
e(
(α)
σ ) =: (x,
(α)
e a),(2.1)
where a = 1, ..., m. These induced sections can obviously be expressed in terms of the
natural section (x, ∂µ), induced by the local coordinates x
µ on Uα ⊂M , where µ = 1, ..., m
as
(x,
(α)
e a) = (x, ∂µ)
(α)
e µa .
Consider now the left group action
ρ : (Spin(η)×GL(m,R))×GL(m,R)→ GL(m,R)(2.2)
: (S, J, e) 7→ e′ = J · e · lˆ(S) =: ρ(S, J, e),
where lˆ = i ◦ l : Spine(r, s)→ GL(m,R). This allows to look at spin frames as sections of
an associated vector bundle.
Definition 2.2. The bundle of spin frames is the associated bundle to the principal bundle
(P ×M L(M),M, p, Spine(r, s)×GL(m,R)) through the group action ρ. We will denote it
as
F (P ) = (P ×M L(M))×ρ GL(m,R)
Remark 2.1. Before continuing with the following proposition, let us stress out that a
certain mathematical object is global if it is expressed without any reference to local coor-
dinates or trivializations or if its local expressions satisfy certain glueing properties in the
overlap of different patches or trivializations. As an example, take a global vector field X
defined on a manifold N : then it is global if in any intersection of local patches Vα∩Vβ the
components of the vector field transform as
X ′µ = JµνX
ν ,
where Jµν is the Jacobian of the coordinates transformation between the two local patches.
In this paper we will try and keep local expressions confined in remarks. Nevertheless, such
local expressions can be useful, despite hiding the global nature of objects, which is always
ensured by the transformation laws obeyed by the objects.
Proposition 2.2. There is a one-to-one correspondence between spin frames (P, e) and
sections of F (P ).
Proof. If a given spin frame (P, e) is a global morphism then its local expressions must
appropriately glue on the overlap of different patches of M . The glueing condition is
obtained by considering equivariance of spin frames
e(
(β)
σ ) = (x,
(β)
e a) = (x,
(α)
e b lˆ
b
a(ϕ(αβ))) =⇒ (x, ∂
′
µ)
(β)
e µa = (x, ∂
′
µ)J
µ
ν
(α)
e νb lˆ
b
a(ϕ(αβ)),
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which yields
(β)
e µa = J
µ
ν
(α)
e νb lˆ
b
a(ϕ(αβ)).(2.3)
On the other hand, a section of F (P ) is an equivalence class
[((ϕ, J), e)]ρ = [((IdSpin(η), IdGL(m,R)), e
′ = ρ(ϕ, J, e))]ρ.(2.4)
Since the glueing condition and the representative of the equivalence class are in the same
form, we see that, given a global spin frame, a section of F (P ) is defined and vice versa
we see that, given an equivalence class in F (P ), which is described by all e′ = J · e · lˆ(S)
for any (ϕ, J) ∈ Spine(r, s)×GL(m,R), a global spin frame is defined. 
Let us now see how spin frames are able to define a metric structure: this will be uniquely
defined, whereas the opposite is not possible. Indeed, given a metric, one can only find an
orthonormal frame, up to orthogonal transformations.
Definition 2.3. Let (P, e) be a spin frame and p ∈ P a point in the spin bundle mapped
into e(p) = (x, ǫa) ∈ e(P ) →֒ L(M). We define the induced metric as
g(ǫa, ǫb) := ηab.(2.5)
Remark 2.3. The intrinsic definition (2.5) can be locally restated as
g = gµνdx
µ ⊗ dxν , gµν := ǫ
a
µηabǫ
b
ν ,(2.6)
where xµ are the coordinates in a patch Uα ⊂M .
We refer to the Appendix for a proof that spin transformations send g-orthonormal
frames into g-orthonormal frames, a property which of course also holds for spin structures.
We finally focus on existence conditions of spin frames by proving the following theorem.
Theorem 2.4. A spin frame (P, e) over the manifold M exists if and only if there exists
a spin structure over (M, g) for some metric g on M .
Proof. Given a spin frame (P, e) over M , one can consider the image e(P ) = {(x, ea) :
ea is a basis of TxM ∧ g(ea, eb) = ηab}, where we crucially remark that the metric appearing
here is the one induced by the spin frame. One can then define a spin structure as
P e(P )
M M
eˆ
p π|e(P )
P e(P )
P e(P )
eˆ
Rg Ri◦l(g)|SOe(r,s)=Rl(g)
eˆ
On the contrary, given a spin structure (P,Λ) over (M, g) one can define a spin frame
(P, e = ıˆ ◦ Λ): this is indeed a spin frame since
e ◦Rg = ıˆ ◦ Λ ◦Rg = ıˆ ◦Rl(g) ◦ Λ = Ri◦l(g) ◦ ıˆ ◦ Λ = Ri◦l(g) ◦ e.

This is the same as saying that the following diagrams commute
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P SOe(M, g) L(M)
M M M
Λ
p πˆ
ıˆ
π
P SOe(M, g) L(M)
P SOe(M, g) L(M)
Λ
Rg Rl(g)
ıˆ
Ri◦l(g)
Λ ıˆ
Since existence conditions between spin structures and spin frames are equivalent, one
might still ask why bother considering the latter. We now reinforce the motivations we
have given before by considering a one parameter family of spin structures (P,Λt), where
t ∈ R. These are maps from the spin bundle to a given orthonormal frame bundle, each
one differing by an orthogonal transformation.
A one parameter family of spin frames is instead a couple (P, et): these are maps from the
spin bundle into the frame bundle. By restricting these maps to their images, which are
different orthonormal frame bundles et(P ), one obtains a family of spin structures, as shown
in the previous theorem. We remark that the obtained spin structures differ one another
for the arising metric gt, which was instead the same in the case of a one parameter family
of spin structures. In the following Section we will introduce transformations connecting
two different orthonormal frame bundles.
3. Spin frame transformations and spin bundle connections
We now define spin frame transformations and prove that, contrary to spin transforma-
tions, they are able to induce different metric structures on M .
Definition 3.1. Let (P, e) be a spin frame and Φ : L(M) → L(M) a vertical principal
automorphism of the frame bundle. We define (P, e˜) as the transformed spin frame that
makes the following diagram commute.
L(M)
P L(M)
M
M M
π
e
e˜
p
Φ
π
We will refer to the automorphism Φ as a spin frame transformation.
Remark 3.1. Being a vertical automorphism, we know that its action is completely deter-
mined if we know it on local sections of the frame bundle.
Take for example the one induced by the spin frame (P, e), (x,
(α)
e a): then
(x,
(α)
e˜ a) = e˜(
(α)
σ ) = Φ(e(
(α)
σ )) = Φ(x,
(α)
e a) = (x,
(α)
e b)φ
b
a(x),
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where φba is a GL(m,R)−matrix. A generic point e(p) = (x, ǫa) = (x,
(α)
e b)ǫ
b
a is then mapped
to
(x,
(α)
e c)ǫ˜
c
a = e˜(p) = Φ(e(p)) = Φ((x,
(α)
e b)ǫ
b
a) = Φ(x,
(α)
e b)ǫ
b
a = (x,
(α)
e c)φ
c
b(x)ǫ
b
a,
which is locally expressed by the left action
Φ :
{
x′ = x
ǫ˜ca = φ
c
b(x)ǫ
b
a.
(3.1)
The same procedure can be repeated for the natural section (x, ∂µ), which yields
Φ :
{
x′ = x
ǫ˜µa = φ
µ
ν (x)ǫ
ν
a,
(3.2)
where again φµν is a GL(m,R)−matrix.
We now prove that spin frames induce different metric structures. Metrics on a manifold
can be thought of as points of the associated bundle Lor(M) = L(M) ×ρ L, where L ⊂
T 20 (R
m) is the set of symmetric, non-degenerate tensors with signature (r, s) and
ρ : GL(m,R)× L→ L
(Aab , s) 7→ ρ(A
a
b , s) := s(A¯
a
cva, A¯
b
dvb)w
c ⊗ wd,
where va and w
a are a basis of vectors and linear forms on Rm, respectively. Without loss of
generality, we can choose the basis of the linear forms to be dxµ, induced by the coordinates
on Rm ≃ T ∗xM . Furthermore, once a symmetric, non-degenerate tensor is given, one can
freely choose a global basis of vectors ta ∈ R
m ≃ TxM such that s(ta, tb) = ηab.
From the theory of associated bundles we know that principal morphisms induce morphisms
on the associated bundles. From this fact we now prove the following proposition.
Proposition 3.2. A generic spin frame transformation acting on a spin frame (P, e)
induces a different metric structure on the base manifold.
Proof. Let (x, ǫa) ∈ L(M) and u = [(x, ǫa), s]ρ be a point of Lor(M). We define the
morphism Φˆ as
Φˆ : Lor(M)→ Lor(M)
u 7→ Φˆ(u) := [Φ(x, ǫa), s]ρ
To show our thesis, we take a trivialization tˆ∂µ induced by the trivialization t∂µ of L(M).
Trivialization on the associated bundles are defined as follows
tˆ∂µ(u) := (x, ρ(ǫ
µ
a , s)) = (x, (ǫ
a
µηabǫ
b
ν)dx
µ ⊗ dxν),
tˆ∂µ(Φˆ(u)) := (x, ρ(ǫ˜
µ
a , s)) = (x, (ǫ˜
a
µηabǫ˜
b
ν)dx
µ ⊗ dxν).
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If now (x, ǫa) ∈ e(P ) then
tˆ∂µ(u) = (x, g),
tˆ∂µ(Φˆ(u)) = (x, g˜) = (x, (φ¯
ρ
µ(x)gρσφ¯
σ
ν (x))dx
µ ⊗ dxν),
where g is the induced metric by the spin frame (P, e). One clearly sees that the two
local expressions of the metric are different, being Φ a principal morphism on L(M). One
can prove that this holds for any other chosen trivialization on the frame bundle (take for
example the one induced by the spin frame), which implies that the two metrics are indeed
different. 
Now that we have established the main properties of spin frame transformations on spin
frames and metric structures, consider connections, which are an essential ingredient to
build the Dirac equation, as we saw. In many situations the connection can be induced by
the metric (or the spin frame), although sometimes it is useful to consider it independent of
the metric (Palatini formulation of gravity (see [12] and [13]), Palatini f(R)-theories (see
[14] and [15]), Ehlers-Pirani-Schild framework ([16] and [17]), teleparallel gravity [18]).
Furthermore, if we are going to consider spinor fields in interaction with the gravitational
field (which is identified with a geometry on M) we need to provide some result relating
P and M . Luckily, we already have a functor to map a spin frame (P, e) to its associated
metric structure (M, g).
We shall discuss in this Section the case in which the connection is independent of the
metric: take indeed a principal connection Hˆ on P and use the spin frame (P, e) to define
horizontal subspaces on L(M) as He(p) := Tpe(Hˆp).
Remark 3.3. For this to make sense, we have to check that the subspace is well-defined,
since we have two (different) points p, p′ ∈ P , which are mapped onto the same frame
(x, ǫa) = e(p) = e(p
′). They are related by p′ = p · (−I), since ker(l) = ker(lˆ) = {±I}.
We then have TpR−I(Hˆp) = Hˆp′ and
He(p′) = Tp′e(Hˆp′) = Tp′e ◦ TpR−I(Hˆp) = Tp(e ◦R−I)(Hˆp) = Tpe(Hˆp) = He(p),
where we used the map identity e ◦R−I = Rlˆ(−I) ◦ e = e : P → L(M).
One can easily check that the family of the subspaces He(p) ⊂ Te(p)L(M) can be extended
by equivariance to L(M) and that it is, by construction, right invariant. It is known that
giving a principal connection on P is equivalent to giving a map ωˆ : TM → Hˆ ⊂ TP which
lifts a vector tangent to M to a vector in the given horizontal subspace of P . Then
Hˆp =
{
ωˆ(v) = vµ(∂µ|p − ω
ab
µ (x)σab|p), ∀v ∈ TxM,π(p) = x
}
,(3.3)
where σab are a set of vertical right invariant vector fields on P , thus the index a = 1, ..., m
runs along the Lie algebra spin(r, s) and σ(ab) = 0.
We then see that to give a principal connection on P is completely equivalent to give the
coefficients ωabµ (x).
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We know that a spin frame transformation can define a new spin frame e˜ = Φ ◦ e: this in
turn defines another horizontal subspace Tpe˜(Hˆp). Clearly
H˜e˜(p) = Tpe˜(Hˆp) = Tp(Φ ◦ e)(Hˆp) = Te(p)Φ ◦ Tpe(Hˆp).(3.4)
Since connections are in direct correspondence to horizontal lifts, it comes with no surprise
that inducing connections on L(M) implies inducing horizontal lifts on L(M): indeed one
can define ω := Te(ωˆ) : TM → TL(M) and ω˜ := T e˜(ωˆ) : TM → TL(M). Suppose then
that ωabµ are given, which is equivalent to giving a connection on P : it is easy to see that
H˜ is gauge equivalent to H by comparing the coefficients of the vertical part of the two
horizontal lifts when written in the same trivialization. Indeed the first horizontal lift is
given by
Tpe(ωˆ(v)|p) = v
µ(∂µ|e(p) − ω
ab
µ (x)ρab|e(p)),(3.5)
where e(p) = (x, ǫa) = (x,
(α)
e b)ǫ
b
a and the vertical vector field is ρab = ǫ
c
d∂
d
[aηb]c ∈ Te(p)e(P ).
The second connection on L(M) is instead given by
Tpe˜(ωˆ(v)|p) = Te(p)Φ(Tpe(ω(v)|p)) = v
µ(∂µ|e˜(p) − ω˜
ab
µ (x)ρ˜ab|e˜(p)),
where ρ˜ab = ǫ˜
c
d∂˜
d
[aηb]c and
ω˜abµ = φ
a
c(ω
cd
µ ηdeφ¯
e
f + ∂µφ¯
c
f)η
fb.(3.6)
By right translating these connections into the same point (say e(p)) and by comparing the
coefficients of the vertical parts, which only depend on the base point x, one concludes that
these two connections are indeed gauge equivalent with respect to the gauge transformation
φ, as claimed.
Remark 3.4. For future reference, notice that the horizontal lift obtained by the spin
frame (P, e˜) can be rewritten in the trivialization induced by that spin frame. Knowing that
e˜(p) = (x,
(α)
e˜ b)ǫ˜
′b
a , we get
Tpe˜(ωˆ(v)|p) = v
µ(∂µ|e˜(p) − ω
ab
µ (x)ρ˜
′
ab|e˜(p)),
where ρ˜′ab = ǫ˜
′c
d ∂˜
′d
[aηb]c are the vertical vector fields on T e˜(P ). Notice now that, when written
in the two induced trivializations, the coefficients of the vertical part of both connections
on L(M) are the same as the ones of ωˆ.
This last discussion showed how to induce connections on the frame bundle, once the
coefficients ωabµ are given: they can be, in theory, completely unrelated to the induced
metric structure. As a consequence, the Dirac equation built out of it, will depend on the
metric only through the spin frame in front of the covariant derivative of the spinor field.
We now move on to analyse the case in which the connection depends on the induced
metric structure.
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4. Projectable connections on the frame bundle
In this Section we shall discuss the case where principal connections on the spin bundle
are related to the induced metric by spin frames. This different approach consists on
starting with connections on the frame bundle and pulling them back to the spin bundle.
Furthermore we will exploit the affine structure of connections to study how to induce
different connections on P .
Let us then start from a connection on the frame bundle H ∈ TL(M): since we are not
considering spin frames yet, we start by writing the related horizontal lift in the natural
trivialization. Indeed a generic point can be written as (x, ǫa) = (x, ∂µ)ǫ
µ
a and
ω(v)|(x,ǫa) = v
µ
(
∂µ|(x,ǫa) − ω
α
βµ(x)ρ
β
α|(x,ǫa)
)
,(4.1)
where ρβα|(x,ǫa) = ǫ
β
a∂
a
α are the right invariant vector fields on L(M). Consider now the
following lemma.
Lemma 4.1. Let H be a connection on L(M) and (P, e) a spin frame. H is tangent to
e(P ) = SOe(M, g) in a point (x, ǫa) (and hence in all of its points) if and only if
ω(ab)µ := η
c(aωb)cµ = 0,
where the (ab) indicates that the indices are symmetrised and
ωbcµ(x) = e
b
α(x)
(
ωαβµ(x)e
β
c (x) + ∂µe
α
c (x)
)
.(4.2)
Proof. We begin by expressing our horizontal vector in the trivialization induced by the
spin frame (P, e). If (x,
(α)
e a) = (x, ∂µ)
(α)
e µa is such section, we get
ω(v)|(x,ǫa) = v
µ(∂µ|(x,ǫa) − ω
a
bµ(x)ρ
b
a|(x,ǫa)),
where ωabµ(x) is exactly given by (4.2). Notice that we suppressed the index α labelling
the section
(α)
σ on P to ease the reading. We already analysed how a change of trivialization
on P influences the induced connection in the proof of Proposition 2.2.
We are now ready to first prove that ω
(ab)
µ = 0 =⇒ H ∈ T(x,ǫa)SOe(M, g): the right
invariant vector fields on SOe(M, g) are
ρ[ab] = ηc[aρ
c
b],(4.3)
where [ab] indicates skew symmetric indices. In light of this, we rewrite the lifted vectors
as
ω(v)|(x,ǫa) = v
µ
(
∂µ|(x,ǫa) − ω
ab
µ (x)ρab|(x,ǫa)
)
= vµ
(
∂µ|(x,ǫa) − ω
ab
µ (x)(ρ(ab) + ρ[ab])|(x,ǫa)
)
= vµ
(
∂µ|(x,ǫa) − ω
[ab]
µ (x)ρ[ab]|(x,ǫa)
)
,
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where in the last step we made use of the hypothesis.
On the contrary, take a horizontal vector of L(M)
ω(v)|(x,ǫa) = v
µ
(
∂µ|(x,ǫa) − ω
ab
µ (x)ρab|(x,ǫa)
)
= vµ
(
∂µ|(x,ǫa) − ω
(ab)
µ (x)ρ(ab)|(x,ǫa) − ω
[ab]
µ (x)ρ[ab]|(x,ǫa)
)
.
If we want it to be tangent to SOe(M, g), we need to require the coefficient of ρ(ab), which
are not right invariant vector fields on SOe(M, g), to vanish. We then get our thesis
ω
(ab)
µ (x) = 0. 
In light of the previous lemma, we now prove the following theorem, which constrains the
vertical part of any connection of L(M) to be in a specific form, namely a contorsion-type
tensor belonging to A2(TM)⊗T
∗M , if we want it to project on an orthonormal subbundle
e(P ) = SOe(M, g).
Theorem 4.2. Let H be a connection of L(M), v ∈ TM and {g} be the horizontal lift
induced by Levi-Civita connection of the metric g. H then projects on e(P ) = SOe(M, g)
if and only if
ω(v)|(x,ǫa) = ({g}(v) +K(v))|(x,ǫ˜a),(4.4)
where (x, ǫa) ∈ e(P ) and K(v) is defined as
K : TM → V (L(M))
v 7→ gαγKγβµv
µρβα,
in terms of the contorsion tensor whose coefficients are given by
Kγβµ =
1
2
(
g(∂β, T (∂µ, ∂γ)) + g(∂µ, T (∂β, ∂γ)) + g(∂γ, T (∂β, ∂µ))
)
.
Proof. In order to prove this theorem, we need to show that, under our assumptions,
ωαβµ = {g}
α
βµ + g
αγKγβµ,(4.5)
where {g}αβµ are the Christoffel symbols of the induced metric g. This result follows from
the previous lemma: indeed, by analysing the implications of the requirement ω
(ab)
µ = 0,
one finds
ωabµ + ω
ba
µ = e
a
αω
α
βµe
βb + ebαω
α
βµe
βa + eaα∂µe
αb + ebα∂µe
αa
= eaαω
α
βµe
βb + ebαω
α
βµe
βa + eaα∂µe
αb + ebα∂µ(g
αλeaλ) = 0.
This implies that
∂µgρσ = gσλω
λ
ρµ + gραω
α
σµ.
By cyclicly permuting the indices and by appropriately summing and subtracting the
obtained relations, we get
−∂ρgσµ + ∂µgρσ + ∂σgµρ = gµλT
λ
ρσ + gσλT
λ
ρµ + gρλT
λ
µσ + 2gρλω
λ
σµ,
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where T λαβ := ω
λ
αβ − ω
λ
βα is the torsion of the connection. It is skew symmetric in its lower
indices by construction. Then one easily gets
ωγσµ = {g}
γ
σµ +
1
2
gγρ(gµλT
λ
σρ + gσλT
λ
µρ + gρλT
λ
σµ)
= {g}γσµ +
1
2
gγρ(Tµσρ + Tσµρ + Tρσµ),
which is our thesis.
Before proving the opposite implication, we remark that the contorsion is skew symmetric
in its first two indices, meaning
K(αβ)γ = 0,(4.6)
as a consequence of the property of the torsion. Then
ωabµ = e
a
α({g}
α
βµe
βb + ∂µe
αb) + eaγKγβµe
βb =⇒ ω(ab)µ = 0,
where the first term can be easily shown to be skew symmetric by explicitly writing the
Christoffel symbols, while the second is a consequence of (4.6). 
The content of this theorem can be summed up by saying that projectable connections
form an affine subspace of all connections or that the space of projectable connection is
modelled on contorsion-type tensors, i.e. it is a submodule of dimension m
2
2
(m− 1) in the
module of connections, which has instead dimension m3.
As a consequence of this key theorem, we now have the following two corollaries.
Corollary 4.3. A torsionless metric connection ω = {g} trivially projects on SOe(M, g).
Corollary 4.4. For any vector valued tensor I : TM × TM → TM satisfying I(X, Y ) =
−I(Y,X) for any X, Y ∈ TM , one can obtain one and only one projectable connection on
SOe(M, g).
Proof. Consider indeed the combination
ωαβµ = {g}
α
βµ +
1
2
gαγ(Iβµγ + Iµβγ + Iγβµ).
By taking the skew symmetric part of this equation, we get
T αβµ = I
α
βµ
,(4.7)
so we see that the chosen tensor Iαβµ assumes in fact the role of the torsion of the connection.
In light of the previous theorem, we can conclude our thesis. 
This last corollary allows us to build a projectable connection with torsion from a tor-
sionless one, as long as one has a skew symmetric tensor to begin with.
Once a connection is projected on the subbundle e(P ), it is straightforward to pull it back
to the spin bundle through the spin frame (P, e): this procedure defines a connection Hˆ
whose horizontal vectors are given by
ωˆ(v)|p = v
µ(∂µ|p − ω
ab
µ (x)σab|p),(4.8)
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where the coefficients ωabµ (x) are
ωabµ (x) = e
a
α(x)
(
({g}αβµ + g
αγKγβµ)e
β
c (x) + ∂µe
α
c (x)
)
ηcb.(4.9)
as a consequence of Theorem 4.2.
Suppose now you have another spin frame (P, e˜): since everything we proved until now is
valid for any spin frame, one would repeat the same arguments, which we now briefly sum
up. Take a connection H˜ on the frame bundle, project it on e˜(P ) and pull it back on the
spin bundle. This procedure clearly yields
{
ˆ˜ω(v)|p = v
µ(∂µ|p − Ω
ab
µ (x)σab|p),
Ωabµ (x) = e˜
a
α(x)
(
({g˜}αβµ + g˜
αγK˜γβµ)e˜
β
c (x) + ∂µe˜
α
c (x)
)
ηcb,
(4.10)
where g˜ is the new induced metric and K˜γβµ is the contorsion of the new connection, com-
pletely unconstrained. If no spin frame transformation is given, the obtained connection
will be different from (4.8). We will come back on this later on, when we will discuss Dirac
equations.
As we will now show, spin frame transformations have the property to select a particular
connection of all the possible H˜, with the same pullback (4.8) on P . Take indeed TΦ(H):
this induced connection is clearly different from the original one, as discussed previously
and we can see if it is tangent to e˜(P ). In order to do that, we first prove the following
lemma.
Lemma 4.5. Let {g} and {g˜} be two horizontal lifts induced by the Levi-Civita connections
of the metric structures defined by (P, e) and (P, e˜). Then
({g˜} − {g})(v)|(x,ǫ˜a) = h(v)|(x,ǫ˜a),
where h : TM → V (L(M)) satisfies
h(v) = vµ
(
φαγ
{g}
∇ (βφ¯
γ
µ) + φ
α
γg
γδφλδgρσφ¯
ρ
(β
{g}
∇µ)φ¯
σ
λ − φ
α
γg
γδφλδgρσ
{g}
∇λφ¯
ρ
(βφ¯
σ
µ)
)
ρ˜βα.(4.11)
Notice that we suppressed the dependence of φ in order to ease the reading.
Proof. We use the fact that both Levi-Civita connections are compatible with the corre-
sponding metrics, i.e. in the natural trivialization
{g}
∇µgαβ = 0,
{g˜}
∇µg˜αβ = 0,
where the two covariant derivatives are the ones induced on the associated bundle Lor(M).
Take now a tensor in TM ⊗S2(M), whose coefficients will be called h
α
βµ and satisfy h
α
βµ =
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{g˜}αβµ − {g}
α
βµ, then
0 =
{g˜}
∇µg˜αβ =
{g}
∇µg˜αβ − h
ǫ
αµg˜ǫβ − h
ǫ
βµg˜αǫ
=
{g}
∇µφ¯
ρ
αgρσφ¯
σ
β + φ¯
ρ
αgρσ
{g}
∇µφ¯
σ
β − g˜βǫh
ǫ
αµ − g˜αǫh
ǫ
βµ
= g˜βσφ
σ
ρ
{g}
∇µφ¯
ρ
α + g˜αρφ
ρ
σ
{g}
∇µφ¯
σ
β − h˜βαµ − h˜αβµ,
where we set h˜βαµ := g˜βǫh
ǫ
αµ. This is recast as
h˜βαµ + h˜αβµ = g˜βσφ
σ
ρ
{g}
∇µφ¯
ρ
α + g˜αρφ
ρ
σ
{g}
∇µφ¯
σ
β = 2φ
σ
ρ
{g}
∇µφ¯
ρ
(αg˜β)σ.
Since h˜α[βµ] = 0, by cyclically permuting the indices, we obtain
h˜αβµ = g˜ασφ
σ
ρ
{g}
∇ (µφ¯
ρ
β) + φ
ρ
σg˜ρ(β
{g}
∇µ)φ¯
σ
α − φ
σ
ρ
{g}
∇αφ¯
ρ
(µg˜β)σ,
with the expected symmetry in the last two indices. As a result we get
{g˜}αβµ − {g}
α
βµ = φ
α
γ
{g}
∇ (βφ¯
γ
µ) + φ
α
γg
γδφλδgρσφ¯
ρ
(β
{g}
∇µ)φ¯
σ
λ − φ
α
γg
γδφλδgρσ
{g}
∇λφ¯
ρ
(βφ¯
σ
µ),(4.12)
which concludes our proof: indeed, this is exactly the expression that shows up in the
difference ({g˜} − {g})(v)|(x,ǫ˜a), leading to our thesis. 
The second step is to consider the difference between two vectors lifted through H and
TΦ(H).
Lemma 4.6. Let ω and ω˜ two horizontal lift induced by H and TΦ(H) respectively. Then
(ω˜ − ω)(v)|(x,ǫ˜a) = k(v)|(x,ǫ˜a),
where k : TM → V (L(M)) satisfies
k(v) = vµ
(
φαγ
ω
∇µφ¯
γ
β
)
ρ˜βα,(4.13)
ω
∇ being the covariant derivative induced by the connection H on the associated bundle of
spin frame transformations.
We stress out that we are not requiring the connections to be projected on any orthonormal
subbundle.
Proof. As a starter, we compute the coefficients of the vertical part of ω˜(v): we have
ω˜αβµ(x) = φ
α
γ (x)
(
ω
γ
δµ(x)φ¯
δ
β(x) + ∂µφ¯
γ
β(x)
)
.(4.14)
Take now a tensor in T (M) ⊗ T ∗(M) ⊗ T ∗(M) whose coefficients will be called kαβµ and
satisfy
kαβµ = ω˜
α
βµ − ω
α
βµ.
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By rearranging the terms one easily gets
kαβµ = φ
α
γ
ω
∇µφ¯
γ
β,(4.15)
which is what one encounters when computing (ω˜ − ω)(v)|(x,ǫ˜a).
As a side note, we give a second proof of the same result: for this proof we additionally
require H and TΦ(H) to be the image of a connection Hˆ on the spin bundle through two
spin frames (P, e) and (P, e˜). This is also equivalent to the conditions
ωˆ,ω
∇ µe
ν
a =
ωˆ,ω˜
∇ µe˜
ν
a = 0.
From the second condition we have
0 =
ωˆ,ω˜
∇ µe˜
ν
a =
ωˆ,ω
∇ µe˜
ν
a + k
ν
αµe˜
α
a =
(
ω
∇µφ
ν
α + k
ν
βµφ
β
α
)
eαa =⇒ k
α
βµ = φ
α
γ
ω
∇µφ¯
γ
β,
which is indeed our result. 
We are now ready to write down all possible relations among the relevant connections.
In particular, we want to consider projected connections on two orthonormal subbundles
e(P ) and e˜(P ). By doing so, we obtain the following theorem, which states what we
claimed previously, that spin frame transformations select a particular set of contorsions
which allow to pull the connections back onto a single connection in P .
Theorem 4.7. Let H be a connection on the frame bundle, projectable on the subbundle
e(P ) and take TΦ(H). The latter connection is projectable on e˜(P ) if and only if its
contorsion satisfies
K˜(v)|(x,ǫ˜a) = (K(v) + k(v)− h(v))|(x,ǫ˜a).(4.16)
Proof. The proof of this statement is now straightforward, having proved the previous
lemmas. Indeed
ω˜(v)|(x,ǫ˜a) = (ω(v) + k(v))|(x,ǫ˜a) = ({g}(v) +K(v) + k(v))|(x,ǫ˜a)
= ({g˜}(v) + K˜(v))|(x,ǫ˜a),
where in the second line we used the fact that TΦ(H) is projectable. From this we get
K˜(v)|(x,ǫ˜a) = (K(v) + k(v)− h(v))|(x,ǫ˜a).
Vice versa, recast (4.16) in the following way
K˜(v)|(x,ǫ˜a) = (K(v) + k(v)− {g˜}(v) + {g}(v))|(x,ǫ˜a)
=⇒ ({g˜}(v) + K˜(v))|(x,ǫ˜a) = ({g}(v) +K(v) + k(v))|(x,ǫ˜a) = (ω(v) + k(v))|(x,ǫ˜a) = ω˜(v)|(x,ǫ˜a).
In the first line we used lemma 4.5, whereas in the second line we used the fact that H is
projectable and lemma 4.6. We then see that TΦ(H) is projectable on e˜(P ). 
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Remark 4.8. We can give an explicit expression for the vertical map K˜: indeed, in the
natural trivialization we have
K˜(v)|(x,ǫ˜a) = v
µ
(
gαγKγβµ + φ
α
γ
ω
∇µφ¯
γ
β − φ
α
γ
{g}
∇ (βφ¯
γ
µ)
− φαγg
γδφλδgρσφ¯
ρ
(β
{g}
∇µ)φ¯
σ
λ + φ
α
γg
γδφλδgρσ
{g}
∇λφ¯
ρ
(βφ¯
σ
µ)
)
ρ˜βα|(x,ǫ˜a)
= vµ
(
φαγ
{g}
∇ [µφ¯
γ
β] − φ
α
γg
γδφλδgρσφ¯
ρ
(β
{g}
∇µ)φ¯
σ
λ
+ φαγg
γδφλδgρσ
{g}
∇λφ¯
ρ
(βφ¯
σ
µ) + φ
α
γg
γρKρλµφ
λ
β
)
ρ˜βα|(x,ǫ˜a).
This relation is equivalent to giving an expression for the contorsion
K˜ρβµ = gαγ φ¯
α
ρ
{g}
∇ [µφ¯
γ
β] − gαγφ¯
α
(β
{g}
∇µ)φ¯
γ
ρ + gαγ
{g}
∇ ρφ¯
α
(βφ¯
γ
µ) + φ¯
σ
ρKσηµφ¯
η
β.(4.17)
The obtained expression is indeed a contorsion as it has the expected tensor properties: it
is skew symmetric in the first two indices
K˜(ρβ)µ = 0,
as one can see if we rewrite it in a way that is more suitable for that scope
Kρβµ = φ
σ
λ
{g}
∇µφ¯
λ
[βg˜ρ]σ − φ
σ
λg˜σ[ρ
{g}
∇ β]φ¯
λ
µ + g˜µσφ
σ
λ
{g}
∇ [ρφ¯
λ
β] + φ¯
σ
[ρφ¯
λ
β]Kσλµ.
Among all possible projectable connections along g˜ (i.e. for any possible contorsion tensor
K˜), equation (4.17) determines the unique contorsion (for any spin frame transformation)
to define a connection H˜ which is pulled back onto the same connection ωˆ on P .
In other words, the set of connections associated to ωˆ is left invariant by spin frame
transformations. Theorem 4.7 can be restated in terms of the torsion of the transported
connection, being the relation with the contorsion invertible.
Corollary 4.9. The transported connection TΦ(H) is projectable on e˜(P ) if and only if
T˜ λβµ = 2φ
λ
γ
{g}
∇ [µφ¯
γ
β] + 2φ
λ
γg
γσKση[µφ¯
η
β].(4.18)
Proof. The thesis is obtained by just taking the antisymmetric part of (4.17)
K˜ρ[βµ] =
1
2
T˜ρβµ = gαγφ¯
α
ρ
{g}
∇ [µφ¯
γ
β] + φ¯
σ
ρKση[µφ¯
η
β].
From this relation one can easily get an expression for the torsion, by multiplying for g˜ρλ
T˜ λβµ = 2φ
λ
γ
{g}
∇ [µφ¯
γ
β] + 2φ
λ
γg
γσKση[µφ¯
η
β].
The contrary is easily proved by inserting (4.18) into the definition of the contorsion. 
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As a particular case, one could decide to start from a projectable, torsionless connection
H , thus a Levi-Civita connection for e(P ). In this case, it is clear that the transported
connection TΦ(H) cannot be torsionless as the starting one, if we want it to be projectable
on e˜(P ). Indeed its torsion must in general follow a particular case of equation (4.18)
where the contorsion is zero. This means that one obtains the very compact result
T ′λβµ = φ
λ
γ
(
{g}
∇µφ¯
γ
β −
{g}
∇ βφ¯
γ
µ
)
.(4.19)
Remark 4.10. We saw how Theorem 4.16 explicitly selects, out of all possible H˜s, a
projectable connection with a particular property: the pullback on P through (P, e˜) of such
connection is the same as the one obtained from H along (P, e), as we briefly mentioned
previously. Let us now show this by noticing that
ωabµ = e
b
α
(
[{g}αβµ + g
αγKγβµ]e
β
c + ∂µe
α
c
)
= e˜bα
(
[{g˜}αβµ + g˜
αγK˜γβµ(e˜, φ,K)]e˜
β
c + ∂µe˜
α
c
)
.
This equality can be proved by using (4.17) and the explicit dependence of g˜ and e˜ in
terms of Φ and it agrees with Remark 3.4, where we stated that the coefficients of the two
connections on the frame bundle are the same, when written in the trivialization induced
by the two spin frames.
As a consequence, the lifted horizontal vector on P will be in both cases
ωˆ(v)|p = v
µ(∂µ|p − ω
ab
µ σab|p).(4.20)
However, we can clearly see the difference between this second frame bundle approach and
the one discussed in the previous Section: in that case the coefficients of ωˆ(v) were known
from the beginning and they were in principle unrelated to any metric structure, whereas
in this case we obtain an explicit expression in terms of e and a contorsion K, or in terms
of e˜ and φ, depending on which expression is preferred. We will elaborate more on this last
comment in the final Section.
Having discussed similarities and differences between the two approaches, the one start-
ing from the spin bundle and the one starting from the frame bundle, we now move on
drawing up some conclusions.
5. Conclusions and perspectives
In this paper we reviewed spin frames, which are defined on a manifold and a signature,
namely (M ; r, s). In this framework, the metric is not a fundamental structure anymore
as it is instead induced from spin frames. We indeed have a bundle map g : F (P ) →
Lor(M ; r, s), which is locally given by (2.6). That is a global vertical bundle map, so it
also maps sections (i.e. spin frames) onto sections (i.e. metrics of the selected signature).
Spin frames are more general than standard spin structures, they in fact allow different
metrics, but not as general as the double covering formalism on L˜(M). For example, take
20 SPIN FRAME TRANSFORMATIONS AND DIRAC EQUATIONS
the two metrics
g1 =− dr
2 + r2dΩ2
g2 =cos(2θ)(−dr
2 + r2dθ2) + r2 sin2(θ)dϕ2 + 2r sin(2θ)dr · dθ,
both defined on M = R3−{0} and both written in spherical coordinates (the latter being
the flat Minkowski metric g2 = dx
2 + dy2 − dz2 written in such coordinates). These two
metrics cannot be obtained as spin frames on the same gauge bundle. As a matter of fact
g2 is obtained as a spin frame on the trivial bundle, while the gauge bundle for g1 is not
trivial (if it were trivial, there would exist a global frame that would induce a non-zero
vector field on a sphere S2).
The whole spin frame framework is clearly covariant with respect to spin transformations
Aut(P ), as spin structures were, but allows the action of a different kind of transforma-
tions, namely spin frame transformations AutV (L(M)).
In particular we studied two approaches: in the first one we saw how spin frames are able
to induce connections on the frame bundle as ω = Te(ωˆ). In this view, the geometry on M
is described as in Palatini theories, in which the connection (as well as parallel transport
and autoparallel trajectories) is a priori independent of the metric structure.
In the second approach, we described how, starting from the frame bundle, one can project
and induce connections on P , which instead depend on the metric structure. In particular,
we saw that spin frame transformations give a restriction on the type of torsions (or con-
torsions) allowed for another connection to project onto the induced othornomal subbudle
T (Φ ◦ e)(P ).
Furthermore, notice that, in this approach, a shift by a contorsion type tensor of a connec-
tion projected onto an orthonormal subbundle always preserves this property. In particular,
if H and TΦ(H) are shifted by the same contorsion, they both induce the same connection
Hˆ ′ on the spin bundle, for any tensor we add. We argued that this is a submodule in the
module of connections.
At last, since spin frame transformations do not preserve the induced metric, they can
relate Dirac equations for a given spin frame (P, e) to Dirac equations for an inequivalent
one (P, e˜). Indeed, if we have a triple (e, Hˆ, λˆ) and a spin frame transformation Φ the first
Dirac equation
ieµaγ
a
ωˆ
∇µψ + µψ = ie
µ
aγ
a
{g}
∇µψ + µψ +
i
4
eµaK
bc
µ γ
a[γb, γc]ψ = 0
is mapped into (e˜, Hˆ, λˆ)
ie˜µaγ
a
ωˆ
∇µψ + µψ = ie˜
µ
aγ
a
{g˜}
∇µψ + µψ +
i
4
eµaK˜
bc
µγ
a[γb, γc]ψ = 0.(5.1)
Notice that in the last step we chose one of the two possible expressions of the connection,
as we were free to do as a consequence of Remark 4.10. By using this expression, we see that
we are both changing the metric structure appearing in the equations as well as the type
of interaction (or we are adding one if we start from a Dirac equation without a contorsion
contribution). Besides the geometrical result, we see that changing the metric structure
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means, from a physical point of view, changing the speed of light, which is described by null
vectors with respect to a certain metric. In some contexts, where gravity is used to model
graphene from a high energy point of view (see [20] and [19]), one would like to introduce,
besides the speed of light which naturally appears in the model, another characteristic
speed, which would be then interpreted as the speed of quasiparticles in such material. In
these situations spin frame transformations would provide a tool to introduce it.
Furthermore, the presence of a torsion (and then a contorsion term appearing in the Dirac
equations) is related to defects, called dislocations, in the honeycomb lattice structure of
graphene. See [21], [22] for a deeper analysis.
Our purpose will be then to investigate explicit examples, where to apply this construction
and eventually to apply them to graphene, which does provide a lab to test Dirac equations
on curved geometry, where all global aspects become relevant.
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Appendix A.
Proposition A.1. The Dirac equation is covariant with respect to automorphisms of P .
Proof. In a local trivialization such automorphisms act as
Φ : P → P : [x, S] 7→ [x′ = φ(x), ϕ(x) · S](A.1)
where φ : M → M is the diffeomorphism on which the automorphism Φ is projecting, and
ϕ : U → Spine(r, s) is a local function defined on the trivialization domain U ⊂M .
The automorphism Φ acts on spinor fields as ψ′(x′) = ϕ(x) · ψ(x) (the representation λ
being understood), on the connection Hˆ and hence on the covariant derivative ∇ˆ′ψ′ = ϕ∇ˆψ.
Finally, it also acts on the frame as e′a = ebl
b
a(ϕ
−1), where lba is the matrix representation
of the covering map. Therefore, the Dirac equation for ψ′ is
ie′µa γ
a∇ˆ′µψ
′ + µψ′ = ieµb l
b
a(ϕ
−1)γaϕ∇ˆµψ + µϕψ = ie
µ
b l
b
a(ϕ
−1)ϕϕ−1γaϕ∇ˆµψ + µϕψ
= ϕ
(
ie
µ
b l
b
a(ϕ
−1)lac (ϕ)γ
c∇ˆµψ + µψ
)
= ϕ
(
ieµaγ
a∇ˆµψ + µψ
)
,
where we used the definition of the covering map, namely ϕγaϕ−1 = lac (ϕ
−1)γc.
We then see that if ψ is a solution of Dirac equation, ψ′ is a solution as well. 
Proposition A.2. Any spin transformation, vertical automorphism of the spin bundle
A : P → P does not change the induced metric structure.
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Proof. We start the proof by noticing that one can define the metric by just using induced
sections: indeed, by writing p =
(α)
σ ·
(α)
g , one sees that
e(p) = (x, ǫa) = (x, ·
(α)
e b)lˆ
b
a(
(α)
g )
and then the definition of the metric can be restated as
g =
(α)
e aµηab
(α)
e bνdx
µ ⊗ dxν .
This last expression is actually independent of the chosen trivialization as it can be easily
shown by taking a different section of the spin bundle
(β)
σ and by using (2.3).
We now see that any vertical automorphism acts on the point p ∈ P as
A(p) = A(
(α)
σ ·
(α)
g ) =
(α)
σ · A ·
(α)
g
and its image through the spin frame is given by
(x, ǫ′a) = e(A(p)) = e(
(α)
σ ·A ·
(α)
g ) = e(
(α)
σ ) · lˆ(A ·
(α)
g ) = (x,
(α)
e b)lˆ
b
a(A ·
(α)
g ).
At last, we obtain our thesis by computing the induced metric
g′ = ǫ′aµ ηabǫ
′b
ν dx
µ ⊗ dxν =
(α)
e cµ lˆ
a
c (
(α)
g¯ · A¯)ηab lˆ
b
d(
(α)
g¯ · A¯)
(α)
e dνdx
µ ⊗ dxν
=
(α)
e cµηcd
(α)
e dνdx
µ ⊗ dxν = g,
where we indicated with bars the inverses of the group elements of Spin(η) and where in
the third step we used that lˆ ba(
(α)
g¯ · A¯) ∈ SOe(r, s) →֒ GL(m,R) 
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